A superconductor-semiconducting nanowire-superconductor heterostructure in the presence of spin orbit coupling and magnetic field can support a supercurrent even in the absence of phase difference between the superconducting electrodes. We investigate this phenomenon-the anomalous Josephson effect-employing a model capable of describing many bands in the normal region. We discuss geometrical and symmetry conditions required to have finite anomalous supercurrent and in particular we show that this phenomenon is enhanced when the Fermi level is located close to a band opening in the normal region.
I. INTRODUCTION
Nanostructures combining superconducting and semiconducting elements are an important class of mesoscopic systems, still object of an intense experimental and theoretical effort [1] [2] [3] . In a conventional Josephson junction the equilibrium supercurrent is zero when there is no phase difference ϕ between the two superconducting leads. Such a behaviour is observed in tunnel junctions near the critical temperature, where the current-phase relation is simply 4 I(ϕ) = I c sin(ϕ), and in mesoscopic junctions where the detailed form of the transmission coefficients {T n } of the normal region is important. In the latter case, when the length of the normal region is much smaller of the superconducting coherence length ξ (short junction limit), if time reversal symmetry is preserved the supercurrent can be written as
One can attempt to modify this situation for instance introducing a magnetic field: in such a case time reversal symmetry (at ϕ = 0) is broken and the system may change to a state where the free energy is minimum at ϕ = π, rather than at ϕ = 0.
6 Interestingly 0-junctions and π-junctions do not exhaust the zoology of the Josephson junctions, indeed other possibilities can arise.
In the anomalous Josephson effect a supercurrent I a flows between the two superconductors at ϕ = 0. The ground state is located at phase ϕ 0 = {0, π} (in some literature these junctions are named ϕ 0 -junctions 7 ) . It is important to notice that the situation considered here is different from the case of Josephson junctions with a strong negative second harmonic 8 (ϕ-junctions). For these junctions the ground state is obtained at a phase difference ϕ = ±φ (where φ depends on the relative strength of the first and the second harmonic), ϕ-junctions have always I a = 0.
The anomalous Josephson effect has been initially predicted for unconventional superconductors [9] [10] [11] [12] . More recently anomalous Josephson current has been predicted for conventional s-wave superconductors when a Zeeman field and spin-orbit interaction are present. Several possibilities for the normal region have been addressed: a magnetic normal metal 7 , a one-dimensional quantum wire 13, 14 , a quantum dot 15, 16 , a multichannel system with a barrier or a quantum point contact 17, 18 , a semiconducting nanowire 19, 20 .
In this Article we study the anomalous Josephson effect in a superconductor/semiconducting nanowire/superconductor junction.
We assume a clean nanowire region (as opposed to previous studies) with a Zeeman field and Rashba/Dresselhaus spin orbit interaction. We consider the case of only one transport channel (with two spin orientations) open in the leads and study in details the dependance of the anomalous Josephson current on the chemical potential (which can make more channels accessible in the normal region) and on the relative magnitude of Rashba and Dresselhaus spin orbit interaction. We show that in our model the anomalous current is maximum when the Rashba and Dresselhaus spin orbit interactions have comparable strength and for values of the chemical potential such that a new band becomes accessible in the normal region.
The paper is organized as follows: in Section II we review the relation between the Josephson current and the scattering matrix of the normal region. In Section III we show how to compute the scattering matrix as a function of the chemical potential, the spin-orbit coupling and the Zeeman field. In Section IV we discuss our results, we summarize in Section V. 
II. ANDREEV STATES AND CURRENT CALCULATION
We consider a quasi 1D nanowire between two conventional s-wave superconductors. In our model the nanowire is in the region |x| < L, while the left (right) superconductor is in the region x < −L (x > L). We assume that the SO interaction and the magnetic field are only present in the nanowire region. Recent advances in the fabrication of nanowires of InAs and InSb have made materials with a large g-factor and a strong spin-orbit (SO) interaction available.
Inclusion of the SO interaction in the leads would result in topological effects, which we are not interested in here. Moreover due to a large g factor in the semiconducting region, a strong Zeeman spin splitting can be recovered, even for weak values of the magnetic field which, in turn, does not affect the superconductors and is accordingly neglected in the leads. Moreover we disregard the orbital effect of the magnetic field, which we take perpendicular to the plane containing the nanowire and the top surface of the leads.
We look for solutions of the Bogoliubov-de Gennes equations:
where measures the energy with respect to the Fermi level E F , while u(x, y) and v(x, y) are respectively the electron and hole spinors in the Nambu representation. Notice that the spin structure is not explicit at this level. The even parity pairing potential is taken to be:
with
and we take a symmetric phase difference ϕ between the two superconductors. Θ(x) is the Heaviside step function.
For the sake of generality we assume that both Rashba and Dresselhaus SO interaction are present. We notice that in conventional InAs/InSb nanowires the Rashba term is in general much larger than the Dresselhaus one. However, for the sake of completeness, in our calculation we also explore a region of parameters where the two interactions have comparable strength, which is achievable in (In,Ga)As quantum wells 21 . We assume an harmonic confining potential in the y directions, so that electrons propagate along the the x direction. The choice of an harmonic confining potential is particularly convenient when expressing the matrix elements of the SO interaction.
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The Hamiltonian reads:
where
are respectively the strength of the Rashba and Dresselhaus component of the SO interaction. An important ingredient in Eq. 5 is given by the δ-like scattering centers, with strength δ a and δ b different from each other. This point is crucial, here, as such an asymmetry between left and right contact is fundamental in determining the anomalous Josephson effect, as we discuss in the following. Finally, B is the applied magnetic field, while the last term in Eq. 5 is necessary to preserve the hermicity of the Hamiltonian operator in case of a position-dependent SO interaction strength. Due to the presence of the transverse confinement potential, it is natural to employ a scattering approach to the problem. Indeed in the superconducting leads one can define transverse modes, so that the electron wave functions in the x-direction are characterised by a band and a spin index. The spectrum of Eq. 2 consists of a finite set of bound states (Andreev levels) with energy | | < ∆ 0 , and a continuum of states with | | > ∆ 0 . The current can be obtained from the ground state energy E gs (ϕ) at zero temperature by the thermodynamic relation
In the short junction limit only the subgap Andreev states contribute to the Josephson current. Thus, one obtains
In Eq. 7 "n" labels the Andreev states, the primed sum means that only negative energy (occupied) Andreev states are considered. Notice that a factor of 2 difference with the usual relation found in literature because spin degeneracy is lifted here. Before we move further in our analysis it is useful to notice, as put forward in Refs. [19, 23] , how the symmetry of Eqs. 2 can rule out the anomalous Josephson effect. Denoting with H BdG the matrix in Eq. 2, in the absence of magnetic field, the time reversal operator T = iσ y K (with K the complex conjugation operator) induces a self-duality T H BdG (ϕ)T −1 = H BdG (−ϕ), so that, if H BdG (ϕ) has an allowed energy eigenvalue E n , H BdG (−ϕ) will have the same eigenvalue. In this case the anomalous Josephson effect is ruled out. Similarly, when there is no SO interaction, one obtains KH BdG (ϕ)K −1 = H BdG (−ϕ) which again implies no anomalous Josephson effect. The previous considerations are general, not depending on the details of the Hamiltonian describing the nanowire (explicit form of the confinement potential, presence of disorder, etc.). We notice that for our specific model, even in presence of SO interaction and magnetic field along the z direction, when δ a = δ b the operator O = iσ z Π (with Π the parity operator) also gives OH BdG (ϕ)O −1 = H BdG (−ϕ); for this reason, in order to recover the anomalous Josephson effect, in this Article we always assume asymmetric delta potentials at the interfaces between normal and superconducting regions.
The calculation of the Andreev states in a quasi one dimensional system can be conveniently done using a scattering matrix approach 5 . We assume that for energies below the superconducting gap ∆ 0 at the interface between the normal and the superconducting regions only intra-channel Andreev scattering takes place where a hole (electron) with spin σ is reflected as an electron (hole) with spin −σ. Accordingly, these processes are encoded in the relations
and the Andreev scattering matrix is defined as: arccos( /∆). In the normal region Andreev scattering processes are not allowed, which allows us to write
The energy of the Andreev bound states is determined by the following equation
In the short-junction limit one can disregard the energy dependence of the scattering matrix and takeŜ * h (− ) = S e ( ) Ŝ e (0). Therefore in order to solve Eq. 13, one has to calculate the scattering matrix of the normal region at the Fermi energy. We carry on this task in the next Section.
III. MODEL AND CALCULATION OF THE SCATTERING MATRIX S
In this Section we evaluate the scattering matrix S of the normal region as a function of the Fermi energy. We address the case of one open channel (with two spin orientations). However, our method is easily generalised to two or more open channels.
As a first step, we solve the Schroedinger equation within the L-lead (x < −L) and the R-lead (x > L) (assuming no superconductivity), as well as in the central region SO with spin-orbit interaction (x < |L|) (see Fig.s 1,2) . Therefore, we derive the scattering matrix by matching the solutions at the interfaces between the three regions. In Fig. 2 we plot the band structure in these three regions (parameters in the caption). One can notice that the band structure is strongly influenced by the presence of the spin orbit coupling and, interestingly enough, depending on the position of the Fermi level, the number of open channels of the leads and the central region can be different To obtain a reliable approximation for the eigenfunctions and eigenvectors in the SO region, we exactly diagonalize the Hamiltonian in the basis of the wave functions {e iκx χ m (y)φ σ }, with {χ m (y)} being the eigenfunctions of the harmonic oscillator and φ σ the eigenfunctions of σ z , by considering a finite number l of transverse modes {χ m (y)}, m ∈ {1, ..., l}. The above basis functions are eigenfunctions in the right (left) region R (L).
Such an approximation is indeed expected to provide a good description of the scattering dynamics of the system at energies small compared to the energy of the last transverse mode considered. In our calculation we find that the low energy properties of our system are well described if we truncate the basis at l = 6.
Therefore, the problem is now reduced to finding the eigenvalues and the eigenfunction of the corresponding 2l × 2l-dimensional Hamiltonian matrix H(κ) m,σ;m ,σ . For a given energy E the allowed κ i are the solution of
For each value of the energy we have κ i (i = 1, .., 4l) solutions, and the generic eigenfunction is:
where the coefficients c (i) m,σ have to be determined numerically. We notice, with reference to Fig. 2 , that the number of real {κ i } in the SO region may vary according to the value of the Fermi energy. As we will show later, changing the number of real {κ i } without affecting the number of propagating channels in the leads, greatly affects the conductance of the system when it is in the normal state, and in turn the Josephson current when the leads are superconducting.
As we consider one open transport channel in the leads with two spin orientations, the scattering matrix S e introduced in the previous Section is given by:
and similarly for r R , t RL and t LR . In order to obtain the total S-matrix, one has to compute all the reflection and transmission coefficients, by matching the wave function in Eq. 15 with the one in the leads for any possible choice of scattering boundary conditions. For instance, let us consider explicitly the case of a spin-up particle incoming from the left-hand side. In this case the wave functions within L and R are respectively given by:
1/2 / for {i = 2, ..., l}. The wave function at x = ±L must be continuos, its derivative with respect to x must be, in general, discontinuous to account the non perfect transparency at the interfaces and the SO interaction (cfr. Eq. 5). Projecting the equations corresponding to the matching conditions onto the basis states χ m (y)φ σ (m = 1, ..., l; σ =↑, ↓) we obtain the following set of equations:
Therefore, we have a set of 8l equations which we solve numerically to determine the corresponding S matrix elements elements. Repeating the calculation for each possible incoming channel we construct the complete scattering matrix S e as function of the energy E which we set to E F in the following as we are interested only in on-shell scattering matrices.
IV. RESULTS AND DISCUSSION
In this section we use the scattering matrix of the normal region to derive the Andreev spectrum using Eq. 13, from which we eventually derive the Josephson current as function of the phase difference between the two superconductors. We study the Josephson current at ϕ = 0, i.e. the anomalous Josephson current, as a function of the Fermi energy. To gain more information, we also show the normal conductance G = G Q Tr t † t of the corresponding normal system in the same range of values of the Fermi energy. As we show in details below, the anomalous Josephson effect is always accompanied by a change of the normal conductance (either increase or decrease) in correspondence of the opening of a new transport channel in the nanowire region.
We show results for the cases of pure Rashba SO interaction, pure Dresselhaus SO interaction and intermediate cases. Our results are summarised in Fig. 4 . It is convenient to introduce two parameters: ζ to characterise the strength of the SO interaction and θ, which measures the "relative weight" of the Rashba and the Dresselhaus SO interaction. We take α = ζ cos(θ) and β = ζ sin(θ). We fix the value of ζ and consider θ = 0, π/8, π/4, 3π/8, π/2. The band structures of the normal region corresponding to such parameters are depicted in Fig.3 . Pure Rashba SO interaction θ = 0 corresponds to pure Rashba SO interaction and transverse magnetic field, as shown in Fig. 4 . By increasing the Fermi level E F , the band c (cfr. Fig. 2 for the labelling of the bands and Fig. 3 to follow their evolution as a function of θ ) becomes accessible, the conductance reaches its maximum, and then it decreases again, by further increasing E F . As we numerically prove, no anomalous Josephson current is found in this case. This can be understood by noticing that even in the presence of delta barriers which breaks inversion symmetry in the x direc- Mixed Rashba and Dresselhaus SO interaction For intermediate values of θ, away from the pure Rashba or pure Dresselhaus case, we do find anomalous Josephson effect. Let us consider as an example θ = π/4 (cfr. Fig. 4) . As the chemical potential makes the band c accessible the conductance decreases but, most importantly, the anomalous Josephson current is maximum. This result is independent of the particular choice of θ (as long θ = 0, π/2).
To characterise the dependance of the anomalous Josephson current on the magnetic field and on the angle θ, we introduce the quantity I max as the maximum anomalous current I a in the interval from E F = 1.5 E ω to E F = 2.5 E ω (see Fig. 5 ). Such a range is sufficient to explore the opening of the band c for all the values of θ and B considered here. We find that for a fixed value of θ the absolute value of I max is enhanced by the magnetic field and that for a fixed value of the magnetic field the largest value of I max (in absolute value) is found for θ π/4 (or 3π/4). We would like to stress that in our setup the magnetic field is perpendicular to the plane containing the nanowire. If one would change the orientation of the magnetic field respect to the nanowire plane one may find the angle θ which maximizes the anomalous Josephson effect to be different from π/4.
V. CONCLUSIONS
We have studied the DC Josephson effect in a superconductor/nanowire/superconductor junction. The nanowire has a strong spin orbit interaction of Rashba and Dresselhaus type, moreover a perpendicular Zeeman field is applied. We include a finite number of channels in the calculation. Although our approach can be extended to a generic number N of open channels in the leads, we have discussed in details the case of a N = 1, but allowing the number of open channels in the normal region region to be larger than 1. We have found that a necessary condition for the anomalous Josephson effect (in our specific setup) is the simultaneous presence of Rashba and Dresselhaus spin orbit interaction together with an asymmetric choice of the barriers at the interfaces between normal and superconductiong regions. This condition may seem to be restrictive but, however, it is completely satisfied in actual experiments. Most important for our results, we observe that, because of the spin orbit interaction the electronic band structure of the nanowire region is lowered with respect to the one in the leads, by carefully tuning the Fermi level, such to remain in the N = 1 case, we find that the anomalous Josephson effect is maximum in correspondence of the opening of a new band in the nanowire region. We do expect this phenomenology to be found also in the case N > 1; this will be object of further investigation. It is important to stress that the condition found here for the anomalous Josephson effect, namely the opening of a new band in the normal region, is different to that found for instance in Refs. [13, 20] , where it can be ascribed to the asymmetry of the 1D electronic spectrum due to the coupling of transverse bands by the spin orbit interaction.
